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SUMMARY 

A theoret ical .  inves t iga t ion  i s  made of t h e  use of a high-gain 
sa tu ra t ing  cont ro l  system f o r  an adaptive au topi lo t .  
study show t h a t  such a system can control an a i r c r a f t  over t h e  e n t i r e  
f l i g h t  envelope without requir ing a i r  data measurements. The capabil?-- 
t i e s  and l imi t a t ions  of  t h i s  type of control system are explored, and it 
i s  found t h a t  d i f f i c u l t i e s  may be encountered at e i t h e r  high o r  low 
extremes of dynamic pressure.  A t  high dynamic pressure,  t h e  l i m i t  cycle 
o r  "chat ter"  which i s  inherent i n  t h e  system may produce object ionable  
o r  i n to l e rab le  e f f e c t s .  Analytical  methods are presented f o r  pred ic t ing  
the  frequency and amplitude of t h i s  cha t te r  and i t s  e f f e c t  on t h e  low- 
frequency performance. 
amplitude and i t s  undesirable e f f e c t s  on t h e  low-frequency response. A t  
low dynamic pressures,  t h e  performance i s  r e s t r i c t e d  by l imi t ing  and low 
aerodynamic gain. 
s m a l l  inputs  w i l l  r e s u l t  i n  a poorly damped response and, i n  some cases,  
i n s t a b i l i t y  f o r  l a rge  inputs .  It i s  shown t h a t  one way of  compensating 
f o r  t h i s  d i f f i c u l t y  i s  t o  accept a sluggish response f o r  low dynamic 
pressures; t h e  closed-loop t r a n s f e r  function changes automatically with 
f l i g h t  condition t o  take advantage of t h e  higher a i r c r a f t  c a p a b i l i t i e s  
at high dynamic pressures .  
designed t o  cont ro l  unstable  a i r c r a f t .  

The r e s u l t s  of t h e  

Methods are also given f o r  reducing c h a t t e r  

Attempts t o  make the system response time shor t  f o r  

It i s  a l s o  shown t h a t  t h e  system can be 

INTRODUCTION 

Considerable i n t e r e s t  has been focused recent ly  on adaptive auto- 
p i l o t s =  as a means of avoiding t h e  complexity and r e l i a b i l i t y  d i f f i c u l t i e s  
of gain changers i n  t h e  autopi lot  which heretofore  have been used t o  cope 
with l a r g e  var ia t ions  i n  t h e  aerodynamic characteris+,ics of t h e  a i r c r a f t .  

~ ~- 

'There i s  considerable controversy i n  t h e  cont ro l  systems f i e l d  as 
A d e f i n i t i o n  which has t o  what cons t i t u t e s  an adaptive control system. 

come i n t o  common usage i n  the  case of au top i lo t s  i s  t h a t  an adaptive auto- 
p i l o t  i s  one which w i l l  maintain i t s  closed-loop t r a n s f e r  funct ion invari-  
ant over t h e  f l i g h t  envelope without t h e  use of a i r  data  measurements. 
I n  t h i s  report  t h e  closed-loop response i s  not required t o  be invariazlt 
but it may change i n  an acceptable manner. 
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'> A large number of papers dealing with t h i s  subject can be found i n  t h e  
proceedings of a. recent WADC spipusium ( r e f .  I). 
( r e f .  1, p. 33) was  presented by t h e  authors. 
material  of t h a t  paper plus  addi t ional  material which has s ince been 
derived . 

One of these papers 
This report  contains t h e  

The problem of designing an adaptive autopi lot  i s  e s s e n t i a l l y  one 
of making t h e  t r a n s f e r  function, r e l a t i n g  t h e  output and input of  a 
feedback control  system, independent of t h e  a i r c r a f t  t r a n s f e r  function. 
It i s  well known t h a t  t h i s  end can be acco8plished by making t h e  open 
loop gain very high. A very high gain system, however, generally has 
s t a b i l i t y  problems which heretofore  have prevented i t s  appl icat ion t o  
autopi lots .  

It i s  t h e  purpose of t h i s  invest igat ion t o  study the  problems of a 
high gain system t o  determine t h e  fundamental d i f f i c u l t i e s  and p r a c t i c a l  
solutions t o  these d i f f i c u l t i e s .  

The scope of t h e  invest igat ion will be r e s t r i c t e d  t o  considering 
t ransfer  functions i n  t h e  longi tudinal  mode only and it w i l l  be assumed 
t h e  a i r c r a f t  equations of motion a r e  l i n e a r .  
mental c h a r a c t e r i s t i c s  of such systems, however, can be extended t o  cover 
t h e  other modes of t h e  a i r c r a f t  and nonlinear equations of motion. 

Many of t h e  derived funda- 

- 
It i s  convenient t o  use t h e  model concept i n  describing an adaptive 

autopilot .  This descr ipt ion i s  aided by the  block diagram of sketch ( a ) .  

Servo 
and 

Network aircraft  

Sketch (a) 

Here, M(s) represents t h e  t r a n s f e r  function of t h e  i d e a l  or model, 
t h a t  i s ,  the  desired t r a n s f e r  function r e l a t i n g  t h e  output t o  t h e  input.  
The input s igna l  i s  r( t) ,  and c ( t )  represents the  control led output 
(e .g . ,  p i tch r a t e ,  normal accelerat ion,  e t c . ) .  
t o  both the model and t h e  a i r c r a f t  system, and if a difference o r  e r r o r  
s igna l  exis ts  between t h e  desired response, r d ( t ) ,  and t h e  output,  c ( t ) ,  
then a corrective s igna l  i s  applied through t h e  network, KH(s), t o  make 

The same input i s  applied 
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t h e  difference reduce t o  zero. This simple concept, although qui te  
usefu l  f o r  explanatory purposes, i s  not complete. A requirement which 
must be m e t  i s  t h a t  loop (1) of  sketch (a)  must be a s t ab le  loop. For 
purposes of understanding it i s  generally convenient t o  transform t h e  
block diagram of sketch (a) t o  t h e  one of sketch ( b )  . 

Servo 
and 

a i rcra f t Net  work 

lnstrumen ts I-L-,dl 
Sketch (b)  

This diagram i s  more useful  f o r  a i r c r a f t  purposes s ince it allows 
H ( s )  t o  represent t he  measuring instruments which, as a r e s u l t  o f  t h e  
methods of  measurement, must have ce r t a in  dynamic proper t ies .  One can 
der ive from sketch ( b )  t h e  f a c t  t h a t  one way t o  make t h e  closed-loop 
t r a n s f e r  function, C/R, equal t o  t h e  model t r a n s f e r  function, M ( s ) ,  i s  
t o  make t h e  gain,  K, i n f i n i t e .  
funct ion 

Sketch (b)  a l s o  shows t h a t  t h e  t r a n s f e r  

f o r  K = co C KN( s ) G (  s )  - 1 - -  - =  
Rd 1 + KN( s ) H (  s)G(  S )  H( s )  

Thus, a second a l t e rna t ive  f o r  t h e  system i s  t o  make 
model t r a n s f e r  funct ion equal t o  l/H(s). 
behave l i k e  t h e  model. This last  a l t e rna t ive  i s  the  one t h a t  will be 
concentrated on i n  t h i s  repor t .  Other schemes can be found i n  
reference 1. 

Rd/R  = 1 and t h e  
Again t h e  system response will 

A s  w a s  mentioned with reference t o  sketch ( a ) ,  loop (1) of  sketch (a)  
o r  sketch (b)  must be a s t ab le  loop. 
s idera t ions  always make it impossible f o r  K t o  be i n f i n i t e  and t h e  
system t o  be s t ab le .  It w i l l  be shown, however, t h a t  i f  one i n s t a l l s  a 
l i m i t e r  o r  s a tu ra t ing  amplif ier  i n  an appropriate place i n  t h e  loop, t h e  
t r a n s f e r  function of  
l/H(s), t h e  reciprocal  of  t h e  feedback t r a n s f e r  function, and s t i l l  be 
s t ab le .  The theory and method f o r  analysis  and design of such systems 
are derived i n t h i s  report  i n  t he  section e n t i t l e d ,  "Analysis of a High- 
Gain Sa tura t ing  System." An application o f  t h e  t.heory and methods t o  a 
high-speed air-to-air miss i le  i s  given i n  t h e  sect ion e n t i t l e d ,  "A 
Missile &ample. 

As  w i l l  be shown, p r a c t i c a l  con- 

C/Rd of sketch (b )  can be made t o  approximate 
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NOTATION 

a,b a r b i t r a r i l y  chosen constants 

A normal accelerat ion,  g 

Ad desired normal accelerat ion,  g 

B l i m i t  l e v e l ,  deg/sec 

- 
C wing mean aerodynamic chord 

c ( t )  control led quant i ty  

CC cha t te r  amplitude of t h e  cont ro l led  quantity 

l i f t  coef f ic ien t  CL 

Cm pitching-moment coef f ic ien t  

acnl 
a ( k/2v)  

Cmi 

C (  s)  Laplace transform of control led quant i ty  

d normalized d i the r  amplitude 

=Y 

K gain 

m mass, slugs 

pitching moment of i n e r t i a ,  slug-ft2 

A 
3 
0 
9 

m( t )  manipulated var iable  
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P 

S 

S 

t 

v 

Y 

U 

P 

Y 

6 

7 

cp 

W 

magnitude of negative r e a l  pole 

dynamic pressure,  lb / sq  f t  

reference quant i t y  

Laplace t r a n s f o m  of  reference quantity 

Laplace transform var iab le  

wing area,  sq  f t  

time, sec 

ve loc i ty ,  f t / s e c  

sa tura ted  var iab le  

no mali zed constant input 

angle of a t tack ,  deg 

unbalance i n  l i m i t  l e v e l  

flight path angle, deg 

cont ro l  def lect ion,  deg 

damping r a t i o  

p i t c h  angle, deg 

time constant,  sec 

phase angle 

angular frequency, radians/sec 

Sub sc r ip t  s 

a aerodynamic 

C crossover o r  cha t t e r  

d desired response 

f f i l t e r  

i instruments 
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n networks 

S servo 

0 zeros i n  s plane 

1,2 a r b i t r a r y  parameters 

ANALXSIS OF A HIGH-GAIN SATURATING SYSTFN 

Basic Theory 

The basic  theory w i l l  f irst  be used t o  demonstrate t h a t  a high-gain 
saturat ing control  system corresponds t o  an adaptive au topi lo t  .2 

Network 

Servo 
and E I ec t ron ic 

Limiter integrator aircraft 

Instruments 

H (SI 

Sketch ( c )  

Sketch ( c )  i s  a block diagram t y p i c a l  of au topi lo ts .  The input 
command signal i s  r ( t ) ,  and c ( t )  i s  output control led motion ( e . g . ,  
p i t c h  ra te ,  normal accelerat ion,  e t c . ) .  The l i m i t e r  has uni ty  gain 
and i s  preceded by a gain K.  Note t h a t  i f  K i s  i n f i n i t e ,  t h e  combi- 
nat ion of the  l i m i t e r  and gain blocks i s  equivalent t o  an i d e a l  re lay 
since,  then, x ( t )  = B sgn m ( t ) .  The term G ( s )  represents t h e  t r a n s f e r  
function of t h e  servo-aircraf t  combination. For purposes of explanation, 
t h e  servo t r a n s f e r  function w i l l  be assumed t o  be uni ty .  An e lec t ronic  
integrator  is  located a f t e r  t h e  l i m i t e r .  
t i o n  i s  unity, x ( t ) ,  which i s  bounded by t h e  l i m i t e r ,  i s  t h e  control- 
surface v e l o ~ i t y . ~  
l i n e a r  as a r e s u l t  of l imi t ing  t h e  control-surface r a t e .  

Since t h e  servo t r a n s f e r  func- 

Thus, we a r e  dealing with an autopi lot  which i s  non- 

2A high-gain sa tura t ing  system has been used t o  obtain an adaptive 
The mater ia l  pre- au topi lo t  by Minneapolis Honeywell ( r e f .  1, p. 1 2 3 ) .  

sented here i s  f e l t  t o  extend t h i s  previous work by presenting ana ly t ica l  
methods f o r  designing such systems. 

3An equivalent system would r e s u l t  i f  t h e  l i m i t e r  were t h e  hydraulic 
valve ( w i t h  posi t ion limits) and t h e  in tegra tor  were t h e  approximate 
r e l a t i o n  between valve pos i t ion  and control-surface def lec t ion .  

A 
3 
0 
9 
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The system of sketch ( e )  i s  a saturated cont ro l  system of  a type 
s tudied previously ( e  .g. ,  r e f .  2 ) .  
cha rac t e r i s t i c  response of t h i s  system w i l l  vary markedly with both t h e  
magnitude and frequency of t h e  input.  
v i sua l iza t ion  of t he  changes i n  t h e  response c h a r a c t e r i s t i c s  with input 
magnitude and frequency can be obtained by drawing a root-locus diagram 
as  a funct ion of  equivalent l i m i t e r  gain.* The closed-loop poles  a re  
considered t o  be at pos i t ions  on t h e  l o c i  which are determined by t h e  
equivalent gain of t h e  l i m i t e r .  Thus, f o r  very l a r g e  inputs  t h e  closed- 
loop poles a re  near ly  at t h e  open-loop pos i t ion  ( i . e . ,  t h e  equivalent 
l i m i t e r  gain i s  l o w ) .  For very s m a l l  inputs,  t h e  closed-loop pole loca- 
t i ons  can be determined by a method t o  be shown l a t e r .  

It has general ly  been shown t h a t  t h e  

It has also been shown t h a t  a good 

To i l l u s t r a t e  t h e  use of t he  root-locus technique consider t h e  
following t r a n s f e r  functions of t h e  blocks of sketch ( e ) .  

N ( s )  = 1 J 
For t h i s  example, G ( s )  i s  an approximate r e l a t ionsh ip  between normal 
accelerat ion and control-surface def lect ion f o r  a t a i l - con t ro l l ed  air- 
c r a f t .  The H ( s )  t r a n s f e r  funct ion represents an approximate re la t ion-  
ship f o r  t he  sum of t h e  outputs of a normal accelerometer, a p i tch- ra te  
gyro, and a p i tch ing  accelerometer as w i l l  be shown l a t e r .  Thus, 
sketch ( e )  i s  the  block diagram of  a normal-acceleration au top i lo t .  
c h a r a c t e r i s t i c  equation f o r  t h i s  system (without sa tura t ion)  i s  readi ly  
derived from sketch ( e ) .  

The 

It i s  

4The l i m i t e r  i s  t r ea t ed  as a device whose ga la  dec,.--_, ?eases as  i t s  
input magnitude increases  ( see ,  e.g., r e f .  2 ) .  
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The l o c i  as a funct ion of t h e  gain5 
s e t  of values of Sketch (d)  i l l u s t r a t e s  
t h a t  l o c i  of t h e  instrument poles ( t h e  complex conjugate i s  not shown) 
move in to  t h e  r igh t  ha l f  plane f o r  some f i n i t e  value of  K. Thus, i f  
K i s  made i n f i n i t e ,  t h e  unsaturated system w i l l  be unstable.  The system 

K a re  shown i n  sketch (d)  f o r  one 
\ 

way cay wo, c o y  wi, and (i. - 

A i i c ra f  t Electronic 
integrator - 

- U  

Sketch (d )  

i s  not unstable,  however, s ince any divergence i n  t h e  response would 
cause the input t o  t h e  l i m i t e r  t o  grow and consequently reduce i t s  
equivalent gain. A s  a r e s u l t ,  t h e  system with no inputs  has a l i m i t  
cycle  ( o r  cha t t e r )  of  frequency we.  With reference t o  sketch ( c ) ,  it 
can be seen t h a t  i f  wc 
x ( t ) ,  will be well  f i l t e r e d  by the  in t eg ra to r ,  servo, and aerodynamics 
which follow it. Thus, t h e  output i s  approximately zero when t h e  input 
i s  zero. 

i s  very high, t h e  bounded output of t h e  l i m i t e r ,  

This system i s  i d e n t i c a l  i n  many respects  t o  off-on cont ro l  systems 
The invest igated by D r .  Flcgge-Lotz and her  assoc ia tes  (refs. 3 and 4 ) .  

re lay  cha t te r  i n  t h e i r  experiments was a t t r i b u t e d  t o  r e l ay  imperfections, 
such as  dead time. However, one can approximate these  imperfections by 
a l i n e a r ,  second-order t r a n s f e r  funct ion and then a t t r i b u t e  t h e  cha t t e r  
(a t  w e )  t o  t h e  f a c t  t h a t  t h e  denominator of (K/s)N(s)G(s)H(s) i s  at 
l e a s t  three orders g rea t e r  than t h e  numerator.6 This f a c t  can be under- 
stood by considering t h e  asymptotic behavior of t h e  root  locus p l o t s  f o r  
such a system (e .g . ,  see  r e f .  3 ) .  

~~~ - ~~~ -~ 

5The ac tua l  K used i n  t h i s  study w i l l  be i n f i n i t e ;  however, t h e  - 
root locus as a funct ion of equivalent l i m i t e r  gain will be t h e  same as 
t h e  one which i s  a function of t h e  K 

when all high-order dynamics a re  considered (ampl i f ie r  response, e t c . ) .  

i n  sketch ( e ) .  

‘This condition ( o r  approximation) i s  t r u e  f o r  a l l  p r a c t i c a l  systems 
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For l a rge  s t ep  inputs  o r  i n i t i a l  conditions, t h e  response of  t h i s  

For q u a l i t a t i v e  purposes, 
system may be obtained by phase space methods ( r e f .  4) o r  by t h e  switch 
time method ( f o r  s t ep  inputs)  of reference 2.  
t h e  closed-loop poles may be considered as moving back from t h e  s m a l l -  
s igna l  operating point (which i s  s t i l l  t o  be determined) toward t h e  open- 
loop pole pos i t ions  as t h e  input magnitude i s  increased. Thus, i f  t h e  
l o c i  of t h e  poles c loses t  t o  t h e  o r ig in  ( the  dominant poles)  always s t a y  
i n  well-damped regions of t h e  s plane as t h e  equivalent gain i s  reduced, 
t h e  system response w i l l  be reasonably well damped regardless  of t h e  
input .  

The small-signal operating point  on t h e  l o c i ,  t h a t  i s ,  t h e  poles  and 
zeros of an equivalent l i n e a r  system (va l id  f o r  s m a l l  o r  slowly changing 
input commands) can be found by determining t h e  equivalent gain of t h e  
l i m i t e r .  Note t h a t  gain at any point  on t h e  i o c i  i s  t h e  product of 
equivalent l i m i t e r  ga in 'and  aerodynamic gain, K a .  

The equivalent gain of t h e  l i m i t e r  i s  found by t r e a t i n g  i t s  input 
as a constant o r  a low-frequency sinusoid, p lus  a constant-amplitude, 
high-frequency s ine  wave or "di ther ."  
manner, it can be shown (ref .  6) t h a t  fo r  s m a l l  inputs  which a r e  constants  
o r  sinusoids of lower frequency than the d i the r ,  t h e  equivalent gain of 
t h e  l i m i t e r  i s  j u s t  ha l f  what it is  for t h e  d i t h e r  input .  A simple der i -  
vation of t h i s  f a c t ,  which i s  v a l i d  for s m a l l  constant inputs  i s  given i n  
t h e  appendix. Since t h e  equivalent gain does not depend on t h e  source of 
t he  d i the r ,  t h e  c h a t t e r  may be considered t o  be t h e  d i the r .  
re la t ionship  makes it very easy t o  calculate  t h e  pos i t ions  of  t h e  closed- 
loop poles  on t h e  l o c i  f o r  s m a l l  inputs on t h e  basis of t h e  following 
arguments : 

If t h e  l i m i t e r  i s  t r e a t e d  i n  t h i s  

This simple 

1. The gain of t h e  system (equivalent l i m i t e r  gain times aerodynamic 
gain) for t h e  d i t h e r  s igna l  must be the value of open-loop gain associated 
with t h e  crossover point  (wc This r e l a t ionsh ip  i s  t r u e  
s ince t h e  open-loop gain must be high enough t o  sus t a in  t h e  l i m i t  cycle  
( o r  cha t t e r )  a t  wc. 

of sketch ( d ) ) .  

2. Since t h e  value of t h e  gain f o r  t h e  low-frequency component of 
t h e  input  t o  t h e  l i m i t e r  i s  j u s t  half t h e  value f o r  t h e  cha t t e r ,  t h e  
equivalent l i n e a r  system i s  found by moving back along t h e  l o c i  t o  t h e  
point  corresponding t o  an open-loop gain of one-half t h a t  a t  
Electronic  simulation v e r i f i e s  t h a t  t h i s  simple process works exception- 
a l l y  w e l l  as w i l l  be shown i n  t h e  missile example sec t ion  of t h i s  repor t .  

7 w e .  

7This analysis  suggests t h a t  a system which measures t h e  damping 
( r e f .  1, p.  81) or frequency ( r e f .  1, p. 201) of t h e  high-frequency mode 
and ad jus t s  t h e  open-loop gain so that  t h e  poles are i n  t h e  l e f t  ha l f  
plane, may be made t o  be l e s s  sensi t ive t o  parameter va r i a t ions  i f  it 
ad jus t s  t h e  open-loop gain t o  be more than one-half t h e  crossover gain.  
It i s  doubtful, however, t h a t  t h e  added i n s e n s i t i v i t y  i s  worth t h e  more 
complex hardware. 
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\ From t h i s  ana lys i s  one can say t h a t  if t h e  gain associated with 
i s  very high ( t h i s  will be t r u e  if wc i s  very high as i s  shown by con- 
ventional root-locus techniques, e.g., r e f .  5 ) ,  then all t h e  closed-loop 
poles  will be f a r  away from t h e  o r ig in ,  except t h e  two which have moved 
near the instrument zeros. 

Thus, t h e  r e su l t i ng  closed-loop t r a n s f e r  funct ion i s  approximated by 

Other inves t iga tors  ( r e f .  3) have shown t h a t  i n  t h e  c h a t t e r  mode 
an on-off control  system behaves l i k e  t h e  system derived by s e t t i n g  t h e  
switching quant i ty  equal t o  zero. For t h i s  example (neglect ing ins t ru-  
ment poles) an approximate switching quant i ty ,  m ( t )  of sketch ( c ) ,  i s  

Se t t ing  m ( t )  equal t o  zero and using Laplace transform techniques one 
can derive equation (3)  from equation ( 4 ) .  Thus, t h e  root-locus argu- 
ments given here provide another ana ly t i ca l  reason f o r  t h e  experimental 
r e s u l t s  o f  reference 3. 

- 

The root-locus technique shown here i s  appl icable  f o r  determining 
cha t t e r  frequencies and a qua l i t a t ive  idea of e f f e c t s  of input magnitude. 
Drawing root-locus diagrams f o r  a l a rge  number of examples t o  determine 
preliminary designs, however, i s  qu i t e  a lengthy process.  
reason, a method f o r  quickly determining t h e  approximate cha t t e r  f r e -  
quency and amplitude has been derived. 
f o r  control l ing the  cha t t e r  amplitude, should it be excessive at c e r t a i n  
f l i g h t  conditions, i s  presented next.  

For t h i s  

This method along with t w o  schemes 

Predict ion of Chatter Frequency 

I n  a p r a c t i c a l  au topi lo t  of t h e  high-gain sa tu ra t ing  type, t h e  
c h a t t e r  frequency must generally be much l a r g e r  than t h e  a i r c r a f t  na tura l  
frequency o r  t h e  na tura l  frequency of  t h e  instrument feedback zeros. 
This condition must be met i n  order t h a t  t h e  cha t t e r  at t h e  output be 
reduced t o  a to l e rab le  l e v e l .  A s  a r e s u l t  of t h i s  condition, c e r t a i n  
s implif icat ions can be made such t h a t  t h e  c h a t t e r  frequency can be 
approximately calculated.  



11 

Consider t h e  open-loop pole-zero plot shown i n  sketch ( e ) :  

A 
3 
0 
9 

Sketch ( e )  

I n  t h i s  sketch, ( w ~ , ~ ~ ) ,  (w2,C2), and (P1) (and perhaps o ther  poles not 
shown) represent t h e  poles of instruments, servos, o r  networks of 
sketch ( c ) .  Their number and locat ion depend upon t h e  pa r t i cu la r  system 
under invest igat ion.  

A s  can be seen by t h e  vectors drawn from t h e  a i r c r a f t  poles and t h e  
zeros t o  wc,  t h e  phase contributions at we of t he  a i r c r a f t  poles and 
the  instrument zeros are near ly  equal, but of opposite s ign.  Thus, for 
purposes of computing an approximate wc,  they may be assumed t o  cancel 
each other .  Since t h e  phase s h i f t  at we must be 180°, one can add up 
t h e  phase angles of t he  other  poles a t  
sh ip  between t h e i r  loca t ion  and t h e  cha t te r  frequency, w c .  The process 
i s  s implif ied i n  t h i s  case s ince t h e  in tegra tor  pole contr ibutes  90' 
phase s h i f t  a t  a l l  r e a l  frequencies. Thus, t h e  sum of t h e  phase s h i f t s  
of t he  other  poles (wl,C1; w2,C2; P1, e t c . )  must be 90'. 

wc t o  f i n d  the  desired relat ion-  
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\ 

To i l l u s t r a t e  t h e  method of computing wc 
locat ions,  consider t h e  example i n  sketch ( f )  . 
poles i n  addi t ion t o  t h e  a i r c r a f t  and in t eg ra to r  poles  are considered. 
This i s  therefore  a f i f th -order  system. 

as a funct ion of t h e  pole 
Here only two complex 

Sketch ( f )  

From sketch ( f )  t h e  following re la t ionships  a r e  derived: 

The trigonometric i den t i ty  

i s  used t o  sum equations ( 5 )  and ( 6 ) ,  giving 

A 
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Since 
equation (8) i s  s e t  equal t o  zero, giving 

t a n  90' = 03, and cp,+cp2 must equal 90°, t h e  denominator of 

we = w 1  (9) 
Equation (9)  i s  t h e  desired expression for  t h i s  f i f th -order  example. For 
two real poles,  s = -P1, s = -P2, it i s  easy 
holds i f  t h e  following de f in i t i ons  a re  made: 

w12 = P1P2 

2f,w, = P,+P2 

For higher order systems t h e  same method may 
t i o n s  r e l a t i n g  wc and t h e  locat ions of t h e  

t o  show t h a t  equation (9) 

be used t o  obtain t h e  equa- 
poles .  Table I gives these  

relat ionships-for-fourth- ,  f i f t h - ,  sixth-, and seventh-order systems. 
Note t h a t  f o r  four th  order or lower, the c h a t t e r  frequency does not e x i s t  
s ince one can have i n f i n i t e  gain i n  these cases as can be r ead i ly  shown 
by root-locus techniques. 

I n  t h e  so lu t ion  f o r  t h e  seventh-order case, given i n  t a b l e  I, a 
quadratic equation i n  wc2 occurs. The frequency f o r  90' phase s h i f t  
( w e )  i s  t h e  lowest frequency of t h e  two so lu t ions  of t h e  quadratic equa- 
t i on .  If 
r e a l i s t i c  values of 
w i l l  be about 0 . 6 J G .  The quantity,  ,/=, i s  t h e  geometric m e a n  of 
t h e  two frequencies.  Consideration of higher-order cases than seventh 
shows t h a t  if t h e  order  i s  odd, t h e  cha t te r  frequency w i l l  be proport ional  
t o  t h e  geometric mean of t h e  na tura l  frequencies wl, w2, e t c . ,  of 
sketch (e)  and must always be lower than t h e  lowest frequency present .  

The higher frequency solut ion will be f o r  270' phase s h i f t .  
f l  and f2 a re  placed i n  t h e  so lu t ion  given, wc 

The accuracy of t h e  equations for  cha t t e r  frequency given i n  t a b l e  I 
depends on how nearly the  phase lead of t h e  instrument zeros and t h e  phase 
l a g  of t h e  a i r c r a f t  poles cancel. With reference t o  sketch ( e ) ,  it can 
be seen t h a t  i f  t h e  a i r c r a f t  poles are between t h e  imaginary axis and t h e  
vectors  drawn from the  zeros t o  wc, then t h e  poles contr ibute  more phase 
l a g  than t h e  l ead  contr ibut ion o f  the zeros. As a r e s u l t ,  t h e  ac tua l  
cha t t e r  frequency will generally be somewhat lower than t h e  predicted 
cha t t e r  frequency. If t h e  opposite i s  t r u e ,  t h e  ac tua l  frequency i s  
higher than t h e  predicted frequency. 
ca t e  when more accurate methods of computation are required.  

This knowledge may serve t o  indi-  

Prediction of Chatter Amplitude 

Once t h e  cha t t e r  frequency i s  obtained t h e  c h a t t e r  amplitude can be 
r ead i ly  calculated.  
l i m i t e r  i s  assumed t o  be a constant-amplitude square wave and only t h e  
fundamental component i s  used. The equation f o r  c h a t t e r  amplitude Cc 
(with reference t o  sketch ( c ) )  i s :  

For t h i s  calculat ion t h e  output of t h e  high-gain 
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The quantity, (4/x)B,  i s  t h e  fundamental component of t h e  l i m i t e r  output. 
One may use l i n e a r  methods, such as those used t o  derive equation (ll), 
t o  derive equations f o r  t h e  cha t te r  amplitude a t  any point  i n  t h e  loop. 
Equation (11) i s  very accurate since a l l  t h e  harmonic content of t h e  
square wave i s  well f i l t e r e d  by the  integrator ,  servo, and a i r c r a f t .  

Control of Chatter Amplitude 

If  the  cha t te r  amplitude i s  excessive f o r  c e r t a i n  f l i g h t  conditions 
and prac t ica l  considerations make it impossible t o  increase t h e  c h a t t e r  
frequency, then other means may be used t o  reduce t h e  c h a t t e r .  
methods of accomplishing t h i s  objective a r e  shown here.  
methods a r e  mentioned i n  reference 7. 

Two 
Both of these 

With reference t o  equation (11) it i s  seen t h a t  t h e  c h a t t e r  amplitude 
i s  d i rec t ly  proportional t o  B, t h e  l i m i t  l e v e l .  This suggests t h a t  one 
way of reducing c h a t t e r  amplitude C, i s  t o  reduce B i f  C, exceeds a 
c e r t a i n  threshold l e v e l .  
adjustment i s  shown i n  sketch ( g ) .  

A block diagram of a system f o r  making t h i s  

Band pass 
f i l ter  

Threshold level 
R e c t i f i e r  - 

L 

’ -  I IC Motor 

Sketch ( g )  

The output, c ( t ) ,  i s  fed through a band-pass f i l t e r  i n  order t o  
separate the cha t te r  from other  output s igna ls .  The c h a t t e r  i s ,  i n  
turn ,  r e c t i f i e d  and compared t o  the  threshold l e v e l .  
t o  reduce the  l i m i t  l e v e l  (ac t ing  as an in tegra tor )  u n t i l  t h e  ac tua l  
c h a t t e r  i s  equal t o  the  threshold value. Stops on t h e  motor prevent B 
from ever exceeding some given maximum value should t h e  e r r o r  s igna l  be 
p o s i t i v e .  Certain precautions must be taken i n  t h e  design of such a 
system t o  insure adequate s t a b i l i t y  of t h e  compensating loop.  

The motor tu rns  

The missi le  
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example sect ion of t h i s  report  shows one s a t i s f a c t o r y  design which uses 
t h i s  approach. The success of t h e  method depends on t h e  f a c t  t h a t  
generally 
be r e l a t i v e l y  sluggish.  An obvious disadvantage i s  t h a t  considerable 
ex t r a  equipment i s  required. 

G ( s )  var ies  slowly, and therefore  t h e  compensating loop m a y  

A second method f o r  cont ro l l ing  the c h a t t e r  amplitude i s  based on 

Since t h e  cha t t e r  frequency is unaffected by networks which 

The l a g  network 

the  f a c t  t h a t  t h e  cha t t e r  amplitude at  the  output of t h e  l i m i t e r  i s  a 
constant.  
cancel each o ther  (on a l i n e a r  b a s i s ) ,  one can place a l a g  network a f t e r  
t h e  l i m i t e r  and a lead  network preceding t h e  l i m i t e r .  
i s  adjusted t o  a t tenuate  t h e  cha t t e r  amplitude by t h e  desired amount. 
Sketch (h )  i l l u s t r a t e s  a block diagram o f  t h i s  approach. 

Lead Lag 

Sketch (h )  

The advantage of t h i s  method i s  i t s  s impl ic i ty .  One disadvantage 
i s  t h a t  any high-frequency content of r ( t )  (e .g . ,  noise)  i s  amplified 
by the  l ead  network. 
l i m i t e r  as cha t te r ;  t h a t  i s ,  it tends t o  reduce t h e  equivalent gain of  
t he  l i m i t e r .  Thus, apparently negl igible  noise  on t h e  input can be 
amplified by t h e  l ead  network t o  such an extent  t h a t  it reduces t h e  
equivalent gain of t h e  system t o  t h e  point where sa t i s f ac to ry  performance 
cannot be obtained. A s  a matter of  f ac t ,  noise  on t h e  input t o  any high- 
gain sa tu ra t ing  system could render it use less  f o r  an adaptive system. 
This f a c t  suggests t h a t  o ther  techniques may have t o  be used i n  c e r t a i n  
instances.  

This high frequency has t h e  same e f f e c t  on t h e  

Effec ts  of Zero Posit ions on t h e  Response 
t o  Large Inputs 

The report  thus far has been concerged with t h e  system behavior for 
s m a l l  o r  slowly varying inputs .  For these  inputs  t h e  system i s  i n  t h e  
c h a t t e r  region continuously and t h e  system t r a n s f e r  funct ion i s  near ly  
invar ian t  with changes i n  t h e  bas ic  a i r c r a f t  dynamics. For l a rge  input 
t r a n s i e n t s ,  such as s teps ,  however, t he  system response can be osc i l l a -  
t o r y  or unstable.  
system, before overshoot due t o  l imi t ing  occurs, can be obtained from 

The s i z e  of t h e  s tep permitted i n  any p a r t i c u l a r  
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t h e  switch time method of reference 2; however, cont ro l  of t h e  th i rd -  
order  system8 represented by t h e  in t eg ra to r  and 
has been s tudied extensively by Flzgge-Lotz and Ishikawa (ref.  4 ) .  
r e s u l t s  can be used t o  i l l u s t r a t e  t h e  influence of t h e  various aerodynamic 
parameters, t h e  choice of zero pos i t ions ,  and t h e  s i z e  s t ep  permitted 
before overshoot due t o  l imi t ing  occurs. 

G ( s )  of equations (1) 
Their 

Sketch (i) shows one of  t h e  f igu res  given i n  reference 4 r ep lo t t ed  
i n  a form more usefu l  for our purposes. 

2.4 

2.0 

3” (3” 

I .6 

I .2 

0 0.4 0.8 I .2 I .6 2 .o 2.4 2.8 3.2 3.6 4.0 

Normalized step input magnitude, - R O  Wa 

K O  B 

Sketch (i) 

The data shown i n  sketch (i) w e r e  obtained by ad jus t ing  t h e  zero 
pos i t ions  f o r  each step-input magnitude f o r  optimum s t e p  response. 
optimum response f o r  a third-order  system requi res  two s ign reversa ls  
of t h e  saturated var iab le .  It shows how t h e  zeros should be adjusted as 
a function of t h e  step-input magnitude. One point  o f  signif icance i s  
t h a t  t h e  na tura l  frequency of t h e  zeros must be decreased as t h e  step- 
input magnitude increases .  This point  agrees with t h e  i n t u i t i v e  argu- 
ment t h a t  i f  one of  t he  output der iva t ives  of t h e  p lan t  (airplane-servo 
combination) i s  l imi ted ,  then t h e  time of response of t h e  system increases  
with t h e  magnitude of t h e  input .  A second point  of i n t e r e s t  i s  t h a t  t h e  
damping of t h e  zeros i s  r e l a t i v e l y  independent of t h e  input magnitude 
over t h e  range of inputs  considered. 

The 

‘For t h i s  ana lys i s ,  t he  poles due t o  instruments, servos,  e t c . ,  
which cause t h e  system t o  c h a t t e r  a r e  neglected.  
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It i s  necessary t o  understand t h a t  if t h e  na tu ra l  frequency of t h e  
zeros i s  too high f o r  any pa r t i cu la r  step-input magnitude, t h e  system 
w i l l  overshoot as a r e s u l t  of l imi t ing .  If t h e  na tu ra l  frequency i s  too 
l o w ,  a cha t t e r  region e x i s t s .  Thus, i f  one des i res  t o  s e t  t h e  zeros f o r  
invariant  au topi lo t  response over t h e  f l i g h t  envelope and t h e  m a x i m u m  
step-input magnitude i s  f ixed,  then one must choose t h e  desired response 
at o r  lower than t h e  optimum wc given f o r  t h e  maximum RO9 a t  t h e  
wors t  f l i g h t  condition, t h a t  i s ,  the  f l i g h t  condition when t h e  aerody- 
namic gain and na tura l  frequency are lowest. Otherwise, s teps  at c e r t a i n  
f l ight conditions can r e s u l t  i n  o sc i l l a to ry  o r  unstable response. For 
a i r c r a f t ,  t he  worst f l i g h t  condition generally occurs a t  t h e  lowest 
dynamic pressure ( t h e  highest  a l t i t u d e  and lowest ve loc i ty  point  o f  t h e  
f l i g h t  envelope). 
possible ,  but cannot be obtained unless t h e  zeros a r e  s h i f t e d  with 
f l i g h t  condition. This method has been s tudied f o r  a normal-acceleration 
autopi lot  and i s  considered l a t e r  i n  t h i s  repor t .  

A t  higher dynamic pressures f a s t e r  response i s  

Sketch (i) can be used t o  determine t h e  highest  frequency zero posi- 
For example, assume t h a t  f o r  t h i s  t i ons  f o r  t he  lowest dynamic pressure.  

f l i g h t  condition 
The value of t h e  abscissa  i s  then, 

W a  = 1, K a  = 0.1, R, = 2g, (a = 0, and B = 30°/sec. 

- _ - z  Rows - 0.667 
KaB 3 

The ordinate  reading i s  wo = 1.77 and 5, = 0.86. 
(e .g . ,  p i t c h  r a t e )  da ta  such as presented i n  sketch (i) are not ava i lab le .  
One, therefore ,  would r e so r t  t o  simulation s tudies  i n  order t o  determine 
the  zero pos i t ions .  
must always choose them f o r  t he  la rges t  s t ep  input a t  t h e  worst f l i g h t  
condition. 

For other  au topi lo ts  

If t h e  posit ions a r e  t o  be invar ian t ,  however, one 

A MISSILE EXAMPLE 

The purpose of working an example i s  t o  ve r i fy  t h e  theory and design 
methods proposed, and t o  determine what l imi t a t ions ,  i f  any, e x i s t  i n  t h e  
use of a high-gain sa tura t ing  control system as an adzptive au topi lo t .  
A s  an example, a hypothetical  high-speed a i r - to -a i r  miss i le ,  capable of 
a t tack ing  supersonic bombers from sea l e v e l  t o  over 100,000 f e e t  a l t i -  
tude,has been chosen. This example w a s  chosen t o  include very marked 
changes i n  t h e  aerodynamic charac te r i s t ics  over t h e  f l i g h t  envelope and 
t o  include na tu ra l  frequencies of the airframe which are  higher (compared 
t o  instrument frequencies) than for  a conventional a i rp lane .  F i l t e r i n g  
of t h e  cha t t e r  t o  a.n acceptable output l eve l ,  therefore ,  may be a problem. 
If success i s  a t t a ined  here, t h i s  type system ce r t a in ly  should be f eas ib l e  
f o r  a i rp lanes  which have a considerably smaller f l i g h t  envelope. 

'This i s  t r u e  only f o r  a l inear  feedback, H(s). 
can give optimum response f o r  each magnitude of' input but  t h e i r  use i s  
beyond t h e  scope of  t h i s  repor t .  

Nonlinear feedbacks 
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z 
The autopi lot  t o  be designed w i l l  be of t h e  normal-acceleration 

type; t h a t  i s ,  an input voltage w i l l  command a normal acce lera t ion .  
au topi lo ts  a r e  i n  general  use f o r  many miss i les  and they have t h e  d i s t i n c t  
advantage of providing a simple means ( l imi t ing  t h e  input voltage) f o r  
l imi t ing  s t r u c t u r a l  load  (or g ) .  
t o  ver i fy  t h e  design approach. 

Such 

Analog computer simulation w i l l  be used 

The block diagram of t h e  system i s  shown i n  sketch ( j ) .  

H i g h-g ain E le c tron ic 
limiter integrator Servo Aircraft 

Instruments 

H(s) 

Sketch (j) 

This block diagram i s  p r a c t i c a l l y  i d e n t i c a l  t o  sketch ( c ) ,  so no 
descr ipt ion i s  considered necessary. 

System Description 

Aerodynamics.- The s impl i f ied  a i r c r a f t  equations of motion a re  as 
fo l lows  : 

Conventional Laplace transform techniques can then be used t o  der ive t h e  
*allowing t r a n s f e r  functions: 

. 
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The c o n s t m t ,  1845, i n  equation (14)  i s  the conversion f a c t o r  from f e e t  
per  second squared per  radian t o  g per degree. The coef f ic ien ts  of t h e  
t r a n s f e r  functions a r e  as f o l b w s :  

An examination of representative values of the  v a r i m s  aerodynamic 
coef f ic ien ts  w i l l  show t h a t  f o r  a ta i l -control led a i r c r a f t ,  t h e  follow- 
ing  s implif icat ions can usual ly  be made: 
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Although the  terms neglected i n  t h e  
small, the  numerator of  t h e  t r a n s f e r  function f o r  a t a i l - con t ro l l ed  air- 
c r a f t  has a pos i t i ve  real root ,  which can produce i n s t a b i l i t y  i n  t h e  
closed-loop system. 
all cha rac t e r i s t i c  equation of t h e  system by proper use of p i t c h  rate 
and appropriate der iva t ives  i n  t h e  feedback path. 

A/6  t r a n s f e r  funct ion a re  qu i t e  

- 
This root can always be eliminated from t h e  over- 

Three f l i g h t  conditions were chosen: two t o  represent  t he  extremes 
of the f l i g h t  envelope and one intermediate case. 
f o r  these conditions a re  summarized i n  t a b l e  11. This example allows 
s tudies  of an au topi lo t  where gain, Ka, var ia t ions  of t h e  a i r c r a f t  are 
80 t o  1, na tu ra l  frequency, w a ,  var ia t ions  are of about 7 t o  1, and 
damping r a t i o ,  ca, var ia t ions  are from 0.30 t o  0.  

function, H ( s ) ,  must contain two zeros, and t h e  na tu ra l  frequency and 
damping r a t i o  of these  zeros ( f o r  a high c h a t t e r  frequency) a r e  approxi- 
mately equal t o  t h e  na tura l  frequency and damping r a t i o  of t h e  desired 
( o r  model) t r a n s f e r  function. 

The parameter values 

Instrumentation.- A s  has been shown, t h e  instrument feedback t r a n s f e r  

I n  order t o  provide instrumentation which w i l l  give two zeros, two 
approaches which a r e  theo re t i ca l ly  possible  are as follows: 

1. Use a normal accelerometer t o  measure t h e  normal accelerat ion,  
c ( t ) ,  and feed i t s  output through a second-order l ead  network. 

2. Sum t h e  output of  a normal accelerometer through a f i r s t -o rde r  
l ead  network with t h e  output of another f i r s t -o rde r  l e a d  network f e d  
from a pi tch-rate  gyro. 

For t h e  f i r s t  approach, t h e  na tu ra l  frequency and damping of t h e  
zeros i s  set by t h e  network and therefore  does not change with f l i g h t  
condition. Normal accelerometer noise  may make t h i s  approach impractical  
s ince  the network must have a gain which increases  with frequency. I n  
another type au topi lo t  (e .g . ,  p i t c h  a t t i t u d e )  where instrumentation i s  
avai lable  t o  measure t h e  necessary der iva t ives  of c ( t ) ,  an invar ian t  
zero posi t ion feedback t r a n s f e r  funct ion i s  possible  without t h e  l e a d  
network. The problems which may be encountered with t h i s  example can 
therefore  be expected i n  these  o ther  types of  au topi lo t .  

The second approach i s  more p r a c t i c a l  and it i s  usua l ly  employed 
without the lead  network i n  a conventional normal-acceleration au topi lo t .  
I n  t h i s  approach t h e  zero pos i t ions  change as t h e  f l i g h t  condition changes. 
The pos i t ion  change can be p a r t i a l l y  cont ro l led  i n  t h e  design, so t h a t  at 
high dynamic pressure t h e  na tura l  frequency of t h e  zeros i s  higher than 
at low dynamic pressure.  
approach w i l l  be faster at high dynamic pressure where f a s t e r  response 
i s  possible.  The response w i l l  become slower with reduced dynamic pres- 
sure  where attempts t o  obtain a fast response may result i n  i n s t a b i l i t y .  
This system thus does not provide t h e  usual  adaptive autopi lot ;  however, 
f o r  ce r t a in  miss i le  (and perhaps a i rp lane)  appl ica t ions  i t s  fea tures  may 
be more desirable than invariant  response. 

Thus, t h e  response of t he  system using t h i s  
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The va r i a t ion  i n  zero pos i t ions  with t h i s  second approach i s  most 
conveniently found by assuming t h e  networks are capable of per fec t  
d i f f e ren t i a t ion .  The sum of t h e  two network outputs w i l l  then be given 
by 

The use of equations (16) and (17) and Laplace transform techniques f o r  
f inding t h e  required der iva t ives  allows one t o  put equation (21) i n  t h e  
following form 

The quant i ty  
so t h a t  t h e  over-al l  system (sketch ( j ) )  w i l l  have un i ty  gain at t h i s  
ve loc i ty .  
I n  conventional au topi lo ts  t h e  gain change i s  eliminated by means of a 
low-frequency d i f f e ren t i a t ing  c i r c u i t  (of ten  ca l l ed  a washout c i r c u i t  i n  
t h i s  appl ica t ion)  i n  t h e  p i tch- ra te  feedback path.  For purposes of 
s impl ic i ty  d, 
prac t i ce  the  washout c i r c u i t  would be used. 

(1845/V)b0+ do w i l l  be chosen as un i ty  a t  some mid-velocity 

The gain of  t h i s  system w i l l  thus  change with f l i g h t  condition. 

w i l l  be adjusted so the gain i s  un i ty  even though i n  

The na tu ra l  frequency, wo, and damping r a t i o ,  co, of the  zeros can 
be determined from equation (22) giving ( f o r  (1845/V)b0 + d, = 1) 

Subs t i tu t ion  of 76 (eq.  (20 ) )  i n  equation (23) gives 

Since equations (19) and (20) are appproximate, equation (26) shows 
i s  approximately proportional t o  wa. 

wo 
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Equation (24) can be put i n  t h e  form 

The damping r a t i o ,  c o ,  therefore  changes as 
be shown l a t e r  t h a t  by appropriate se lec t ion  o f  t h e  constants 
t h i s  change ( f o r  t h e  example miss i le )  can be s m a l l  enough t o  give a 
reasonable system. 

wo changes; however, it w i l l  
bo and eo 

The dynamics o f  t h e  instrumentation w i l l  be assumed t o  be approxi- 
mated by a f i r s t -o rde r  time l a g  of time constant 
This representation i s  permissible as  long as t h e  over -a l l  system i s  at 
l e a s t  f i f t h  order so t h a t  c h a t t e r  must e x i s t .  A s  w i l l  be shown la ter ,  
as far as cha t t e r  frequency i s  concerned, t h i s  time constant provides t h e  
same phase s h i f t  as a second-order system with a na tu ra l  frequency of 
22.8 cycles per  second and damping r a t i o  of one h a l f .  

I - ~  = 0.0125 second. 

Servo.- The dynamics of t he  servo a re  approximated by a f i r s t - o r d e r  
l a g  of time constant T~ = 0.025 second. A s  w i l l  be shown, t h e  same 
cha t t e r  frequency would e x i s t  i f  t he  servo were second order with a 
na tu ra l  frequency of 11.4 cps and damping r a t i o  of one h a l f .  

The l i m i t e r  will be s e t  so t h a t  t h e  m a x i m u m  cont ro l  surface ve loc i ty  
i s  30' per second. 

Control-surface pos i t ion  l imi t ing  has not been considered i n  t h i s  
study and i n  some cases may necess i ta te  a l t e r a t i o n s  t o  t h e  system. When 
pos i t ion  l imi t ing  occurs t h e  system response i s  simply t h a t  of t h e  air- 
c r a f t  alone, and i n  manned vehicles  o r  ones where s t a b i l i t y  i s  a problem 
it may be necessary t o  reserve some control-surface def lec t ion  f o r  
s t a b i l i t y  augmentation. However, t h i s  problem has been successful ly  
coped with i n  conventional au topi lo ts  and should be no more d i f f i c u l t  t o  
dea l  w i t h  i n  t h e  system under study here .  

System Design and Simulation 

Specifications.-  The following spec i f ica t ions  were se lec ted  f o r  t h e  
r e su l t an t  c lo  sed--loop normal- ac c e l e r a t  ion  au topi lo t  . 

1. A s t ep  input of a t  l e a s t  2.5 g f o r  t h e  worst f l i g h t  condition 
(condition 1 o f  table 11) should have a good s t e p  response; t h a t  is, it 
should not be unstable o r  extremely osc i l l a to ry .  
f l i g h t  conditions it would be des i rab le  t o  have good s t e p  response f o r  
inputs  as  high as 20 g, t he  assumed s t r u c t u r a l  load l i m i t .  

For t h e  o ther  two 
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2. The desired t r a n s f e r  function, t he  rec iproca l  of H ( s )  of 
sketch ( j )  s h a l l  be e i t h e r  

(a) Fixed by t h e  zero pos i t ions  se lec ted  t o  meet spec i f ica t ion  (1) 

(b)  Allowed t o  vary i n  accordance with equations (26) and (27) 

I n  e i t h e r  case,  however, t h e  damping r a t i o ,  C 0 ,  given by equation (27) 
s h a l l  be i n  t h e  range 0.4 < c0 < 0.9. This va r i a t ion  i n  5,  would be 
reasonable for most normal-acceleration au topi lo ts .  

3.  The cha t t e r  amplitude at any f l i g h t  condition s h a l l  not exceed 
0.2 g (peak t o  peak).  

Select ion of  zero posi t ions.-  The data  presented i n  sketch (i) can 
be used t o  se l ec t  t he  zero pos i t ions  f o r  t h e  optimum response t o  a given 
magnitude of s t ep  input t o  t h i s  system i f  one neglects  instrument and 
servo time l ags .  The s t ep  magnitude chosen i s  2.5 g and aerodynamic da ta  
for condition 1 of t a b l e  11. 

The absc issa  of sketch (i) i s  

This gives t h e  zero pos i t ions  described by 

wo = 4.75 

5,  = 0.72 

I n  order t o  check the  v a l i d i t y  of t he  assumption of neglecting t h e  servo 
time l a g s ,  t h e  system w a s  simulated on an analog computer and s t eps  of 
various magnitudes were applied f o r  no instrument or  servo l ags  and f o r  
t h e  l ags  assumed for t h i s  example. The responses a re  shown i n  sketch ( k ) .  

0 I 2 3 0  I 2 3 4 
T i  me, sec T i m e ,  sec 

( I )  No t ime lags (2) W i t h  t ime lags 

Sketch (k)  
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Without time l a g s  an optimum (no overshoot) response i s  obtained fo r  a 
2.5 g s tep .  The introduct ion of time l ags  f o r  t h i s  system, however, 
causes t h e  response t o  become unstable  f o r  a 4 g input and t o  be com- 
p l e t e ly  unacceptable f o r  2.5 g. This r e s u l t  i l l u s t r a t e s  t h e  f a c t  t h a t  
time lags  of t h e  magnitudes given ce r t a in ly  a r e  not t o  be neglected i n  
se lec t ing  t h e  zero pos i t i ons .  The reasons f o r  t h e  o s c i l l a t o r y  and 
unstable performance a r e  bes t  explained by drawing t h e  root  locus as a 
function of equivalent l i m i t e r  gain.  

. 

This i s  shown i n  sketch ( 2 )  . A s  can be seen from sketch ( 1 )  t h e  
locus from t h e  a i r c r a f t  pole i s  i n  t h e  r igh t  ha l f  plane f o r  low values of 
l i m i t e r  gain.  Thus, l a rge  inputs  (or noise  s igna l s )  can shock t h e  system 
i n t o  a n  unstable  mode (see  r e f .  2 ) .  This f a c t  suggests a b e t t e r  way of  1 

Sketch ( 2 )  

choosing zero pos i t ions  i n  order  t o  prevent any i n s t a b i l i t i e s  i n  t h e  
system due t o  inputs .  The method i s  t o  choose t h e  m a x i m u m  wo f o r  t h e  
des i red  value of damping, such t h a t  t h e  angle of departure from t h e  
complex pole ( f o r  t h i s  example) i s  g rea t e r  than 90'. 
amount of a r b i t r a r i n e s s  t o  t h i s  choice, however; t h e  values chosen f o r  
t h i s  example a re  . 

There i s  a c e r t a i n  
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The s t ep  responses and root  l o c i  f o r  these zero pos i t ions  are given i n  
sketch ( m ) .  A s  can be seen from t h e  root l o c i ,  no i n s t a b i l i t y  can r e s u l t  

L i n  t h i s  system f o r  low values of equivalent l i m i t e r  gain.  The s t e p  

1'" 
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Sketch ( m )  

responses a re  well  damped f o r  s t ep  inputs as high as 4 g and a re  somewhat 
slower than t h e  optimum given by sketch ( k ) .  
t i o n s  (28) w i l l  therefore  be used i n  the f ixed  zero example t o  be s tudied  
here .  

The zeros given by equa- 

For t he  case with moving zeros ,  the values of ao, bo, and co of 
equations (23) and (24) a re  chosen so t h a t  equations (28) a re  s a t i s f i e d  
f o r  t h e  worst f l i g h t  condition. 

Equation (23) gives 

a. = 0.0181 (29) 

Equation (27) shows t h a t  
it must vary with wo and V .  Since both bo and co can be se lec ted ,  
some cont ro l  of t h e  var ia t ion  i s  possible .  The numbers se lec ted  here  
a r e  

5,  cannot be chosen as a constant,  t h a t  is ,  

I bo = 0.0618 

c0 = 0.0502 

The va r i a t ion  of c0 with wo f o r  V = 3340 and V = 4402 i s  shown i n  
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- 
sketch ( n ) .  
thazi one-half f o r  c e r t a i n  f l i g h t  conditions,  t h i s  system w i l l  be considered 
as  sa t i s fac tory .  

Although t h e  damping r a t i o  of t he  desired response i s  l e s s  
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Sketch (n )  

Chatter amplitude predic t ion  and cont ro l  .- The approximate cha t t e r  
frequency can be determined from t a b l e  I .  
with f l i g h t  condition and i s  equal t o  

This frequency i s  invar ian t  

- 56.6 radians/sec =J” Ts Ti - 

The formula of t a b l e  I f o r  t h e  seventh-order case shows t h a t  we would 
be t h e  same i f  we had assumed second-order cha rac t e r i s t i c s  f o r  t h e  servo 
and instruments and had c s  = 5 .  = 0.5, f i  = 22.8 cps, f s  = 11 .4  cps. 
These numbers f o r  na tu ra l  frequency a r e  reasonable, but  somewhat con- 
serva t ive  i n  terms of cur ren t ly  ava i lab le  instruments and high performance 
hydraulic servos. 

1 

To i l l u s t r a t e  t h e  accuracy of  t h e  approximation f o r  t h i s  example, 
t h e  cha t te r  frequency w a s  determined by the  root-locus method and by 
simulation. I n  t h i s  p a r t i c u l a r  case,  t h e  c h a t t e r  frequency given by 
equation (31) i s  not high compared t o  t h e  a i r c r a f t  na tu ra l  frequency o r  
na tu ra l  frequency of t h e  zeros f o r  a l l  cases; thus ,  t h e  accuracy of t h e  
pred ic t ion  i s  questionable.  The r e s u l t s  a r e  given i n  t a b l e  I11 and a re  
reasonably good. The disagreement between t h e  r e s u l t s  of  t h e  simulation 
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and root-locus method can be a t t r i b u t e d  t o  both simulation inaccuracy 
and unaccounted-for time lags  of t h e  analog computing elements. 
inaccuracies,  however, def in i te ly  suggest t h a t  t h e  ac tua l  cha t te r  f r e -  
quency i n  any p a r t i c u l a r  system can only be determined by mockups 
including hardware. 

The 

Kl 

I 
- I Motor 
S 

I 
I Limi t  level control 

G(s) d t )  

Once the  c h a t t e r  frequency i s  known, t h e  cha t te r  amplitude can be 
The chat ter  amplitude obtained by use of determined by equation (11). 

the  formula and root- loci  computed chat ter  frequencies as well as t h e  
measured cha t te r  amplitude a r e  given i n  t a b l e  I V .  The cha t te r  amplitude 
based on c h a t t e r  frequency computed by formula and by t h e  root locus are 
not i n  good agreement. The l a t t e r  amplitude, however, i s  reasonably c lose  
t o  t h e  measured value and the  difference i s  a t t r i b u t e d  t o  t h e  differences 
i n  cha t te r  frequency. 

I 

The data of t a b l e  I V  show t h a t  the peak-to-peak value of g exceeds 
t h e  spec i f ica t ions  ('3.2 peak t o  peak) f o r  conditions 3 and 5 .  This 
ind ica tes  t h a t  e i t h e r  f a s t e r  instruments and servos must be used ( t o  
increase c h a t t e r  frequency thereby reducing the  amplitude) or  t h a t  some 
means of control l ing cha t te r  amplitude must be employed. The l a t t e r  
method i s  invest igated here using t h e  schemes of sketches ( g )  and ( h ) .  

Sketch (0) 

It w i l l  be assumed t h a t  G ( s )  changes ra ther  slowly so t h a t  a time 

K1 and N(s) of sketch (0) 
constant. of approximately 1 second f o r  t h i s  compensating loop i s  suf- 
f i c i e n t l y  fast .  
f o r  t h e  desired performance. 

The problem i s  t o  determine 
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Equation (11) shows t h a t  Cc = [(4/*)B] I G ( j w c ) / j w c  I .  Thus, i f  one 
assumes t h a t  
t r ans fe r  funct ion re la t ionship  Cc,/B a r e  negl ig ib le ,  then t h e  constant 
re la t ionship  between Ccav and B i s  

I N( j w c )  I = 1 and t h a t  any dynamics associated with t h e  

The 2/31 
t h e  assumed s ine  wave. 

f ac to r  of equation (32) i s  used t o  obtain t h e  average value of 

The time constant,  
t h e  gain around t h e  loop o r  

of t h e  loop i s  equal t o  t h e  rec iproca l  of  

(33) 

Since I jw,/G( j w c )  I var ies  with f l i g h t  condition, K1 must be made t o  
vary with flight condition i f  i s  t o  remain constant .  It i s  probable 
t h a t  i n  many cases K1 could be se lec ted  at some constant value and t h e  
change i n  T~ would not be objectionable.  There i s ,  however, a simple 
means of compensation i f  t h i s  i s  not t h e  case. This i s  shown as fol lows:  
Assume tha t  t h e  loop i s  M c t i o n i n g  co r rec t ly  and t h e  motor i s  not on i t s  
s tops .  Then 

o r  

where C i  i s  a Constant. Thus, t he  l i m i t  l eve l ,  o r  sha f t  pos i t ion  of 
t h e  motor, can be used t o  obtain a gain which decreases as 
increases .  
by using a potentiometer with a var iab le  gain, Ks, on t h e  motor sha f t .  
Since 
gain, &, which can have any se lec ted  value. 

I G ( j w c ) / j w c l  
The constant,  K1, of sketch ( 0 )  can be replaced by a var iab le  

Ks must be l e s s  than uni ty ,  t h e  motor w i l l  be assumed t o  have a 

For design purposes assume B = 30’ per  second when Ks = 1.0, or 
Ks = B/30. From equation (35) i s  obtained 

Since KsIG, = K1, t he  time constant of t h e  loop i s  (from eq. (33 ) )  
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For T~ = 1 and C i  = (2/1r)(O.l)g 

& = 300(2) = 

The network t r a n s f e r  funct ion N ( s )  
network must have t h e  cha rac t e r i s t i c s  of  

29 

(37) 

472 (38) 

must be se lec ted  next.  This 
a band pass f i l t e r  with zero 

gain f o r  frequencies l e s s  than 
s igna ls  r e su l t i ng  from inputs  t o  t h e  closed-loop system. The f i l t e r  
should, i n  general, cut  off  above wc 
t h e  type r e su l t i ng  from measurements and should have reasonable damping 

wc since it i s  undesirable t o  pass any 

i n  order  t o  e l iminate  noise  of 

f o r  t r ans i en t  performance due t o  disturbances such as gusts. 
requirements generally imply t h a t  the use of a f i l t e r  of t h e  

These 
form 

could r e s u l t  i n  reasonable performance. The quan t i t i e s  x and w2 i n  
equation (39) a re  determined by t h e  high-f requency cutoff  c h a r a c t e r i s t i c s  
desired; n and w1 are determined for  t h e  low-frequency cha rac t e r i s t i c s  
desired.  The design of an optimum f i l t e r  f o r  t h i s  appl ica t ion  i s  beyond 
t h e  scope of  t h i s  invest igat ion.  The f i l t e r  which was  used t o  demonstrate 
t h e  p r inc ip l e  of t h i s  type system i s  given by 

It should be emphasized t h a t  n of equation (39) should be as high as 
permissible (from p r a c t i c a l  construction s tandpoints)  i n  order  t o  prevent 
s igna ls  due t o  input responses from affect ing t h e  compensating loop. The 
value n = 4 w a s  found t o  be sa t i s fac tory  f o r  t h i s  example, and it w a s  
a l so  found t h a t  t he re  was no need t o  a t tenuate  frequencies higher than 
wc s ince  t h e  computer introduced l i t t l e  noise .  I n  general ,  it is  bel ieved 
however, t h a t  t h e  success of such systems which detect  and adjust  them- 
selves  by means of a t e s t  signal (cha t te r  i n  t h i s  case) depends g rea t ly  
on t h e  use of a r e l a t i v e l y  complex network. 



The frequency response of  t h e  network used i s  shorn i n  sketch ( p ) .  

and 

* 

This sketch and thc  data  of t a b l e  I11 show t h a t  
at about 40 radians per second i n  order t h a t  the  time constant 

mf should be chosen 
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Sketch ( p )  

c h a t t e r  amplitude C, be within 10 percent of  the  design values. For 
t h e  chat ter  frequency var ia t ion  calculated ( t a b l e  111) t h e  network gain 
shown i n  sketch ( p )  i s  about 1 .26 .  This value i s  accounted f o r  i n  t h e  
system. 

The design of the  system of sketch (h)  f o r  cont ro l l ing  cha t te r  
amplitude is  simply a matter of choosing t h e  constants T~ and T ~ .  I n  
prac t ice ,  high-order networks may be necessary; however, only f irst-  
order networks w i l l  be considered here.  

The cha t te r  amplitudes f o r  cases 3 and 5 of t a b l e  I V  a r e  seen t o  
exceed t h e  specif ied values. For t h e  example, only t h e  f ixed zero case 
w i l l  be considered so  t h a t  only f i l t e r i n g  f o r  case 3 need be determined. 
A desired attenuation of 1/8 i s  indicated by t h e  data  i n  t a b l e  I V  obtained 
from t h e  approximate w e .  Since t h e  approximation formula provides a 
conservative estimate o f  w c ,  the  use of t h e  data  from t h i s  formula pro- 
vides a margin of sa fe ty  of about 2 t o  1. A s  can be seen from t a b l e  I V ,  
a f a c t o r  of  1/4 would s a t i s f y  case 3; however, other points  of t h e  f l i g h t  
envelope could have a higher c h a t t e r  amplitude. 
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If it i s  assumed t h a t  T~ = 0.1 I - ~ ,  then t h e  reduction of t h e  

network at we i s  

Assuming we = 56.6, one solves equation (41)  obtaining 

T~ = 0.234 

and s ince 72 = 0.1 T~ 

-r2 = 0.0234 

Different values than those given i n  equations (42) and (43) can be 
obtained by d i f fe ren t  r a t i o s  of T ~ / T ~ ;  however, t h i s  r a t i o  must be 
smaller than t h e  cha t t e r  amplitude reduction desired.  
s e l ec t ion  a l so  gives t h e  smallest  value of T~ permissible f o r  t h e  
72/71 r a t i o  assumed. This r e s u l t  i s  considered des i rab le  from the  
standpoint of having t h e  l e a s t  e f fec t  on t h e  response f o r  l a r g e  s t ep  
inputs  . 

The method of  

(43) 

Equivalent l i n e a r  system f o r  small inputs.-  Analysis has shown t h a t  
t h e  high-gain sa tura ted  control  system behaves i n  a l i n e a r  fashion f o r  
inputs  which a r e  s m a l l  enough t o  have l i t t l e  e f f e c t  on the  inherent l i m i t  
cycle.  I n  pa r t i cu la r  it has been shown t h a t  t h e  equivalent gain of  t h e  
l i m i t e r  f o r  s igna l  inputs  i s  j u s t  half  what it i s  f o r  t h e  chat ter .  There- 
fore ,  a root-locus graph of t h e  system as a funct ion of  equivalent l i m i t e r  
gain allows one t o  pick off  t h e  pole posi t ions of t h e  equivalent l i n e a r  
system. The heavy 
dots on t h e  l o c i  ind ica te  the  posi t ions f o r  t h e  gain being j u s t  ha l f  t h e  
gain where the  a i r c r a f t  poles cross  into t h e  r i g h t  ha l f  plane.  
heavy dot pos i t ions  can therefore  be read of f  and an equivalent l i n e a r  
system t r a n s f e r  funct ion ,derived. 

The graphs for t h e  f i v e  cases are shown i n  figure 1. 

These 

For case 1 t h e  dominant poles  (those c loses t  t o  t he  o r ig in )  a r e  very 
close t o  t h e  feedback zeros and t h e  other poles  a r e  qu i t e  a l a rge  dis tance 
away. This simply implies t h a t  t h e  t r ans fe r  funct ion i s  c lose ly  approxi- 
mated by a second-order t r ans fe r  function whose denominator i s  t h e  feedback 
ze ros .  For t h e  other  cases t h i s  i s  not t r u e .  The heavy dots f o r  cases 2 
and 3 a re  on t h e  r e a l  axis. Furthermore, f o r  cases 2 and 3 t h e  system i s  
r e a l l y  dominant f i rs t  order.  Thus, with t h e  instrument and servo dynamics 
assumed it i s  impossible t o  have a high enough gain of t h e  system t o  
obtain an equivalent l i n e a r  system whose approximate t r a n s f e r  funct ion i s  
t h e  rec iproca l  of t h e  instrument feedback zeros.  The only way t h i s  could 
be accomplished i s  by use of  higher performance equipment. 
mate transi 'er  functions indicated by t h e  heavy dots ,  however, a re  not bad 
i n  t h e  sense of being osc i l l a to ry .  
s luggish than desired and may or may not be undesirable i n  t h e  p a r t i c u l a r  
over -a l l  t a s k  (e .g . ,  homing or beam r i d i n g ) .  

The approxi- 

Instead,  t h e  system response i s  more 
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Response f o r  l a r g e  inputs.-  A s  has been shown here and previously 
( re f  . r t h e o o t - l o c u s  graph can be used t o  obtain a q u a l i t a t i v e  p ic ture  
of performance f o r  inputs l a r g e  enough t o  reduce t h e  equivalent l i m i t e r  
gain.  
t h e  l o c i  f o r  all cases t h a t  no locus crosses i n t o  t h e  r i g h t  half  plane as 
the  equivalent gain i s  reduced t o  zero. Thus, as t h e  input i s  increased, 
no kind of i n s t a b i l i t y  will r e s u l t .  
w i l l  become dominant f i rs t  order f o r  all cases f o r  very l a r g e  inputs  
because of t h e  pole at t h e  or ig in .  
w i l l  therefore be characterized by very l i t t l e  o r  no overshoot. 

A s  a r e s u l t  of t h e  choice of zeros f o r  case 1, it i s  seen from 

A s  a matter of f a c t ,  t h e  response 

The s tep  response f o r  a l l  examples 

Simulation of t h e  design.- The system response t o  s teps  has been 
checked by means of simulation. P r i o r  t o  presenting the  data  it i s  
desirable t o  review t h e  proposed designs. 
worked out.  These are: 

Three examples have been 

1. Fixed zeros and a network used f o r  c h a t t e r  amplitude control .  

2 .  Fixed zeros and a l i m i t  l e v e l  c o n t r o l l e r  used f o r  cha t te r  
amplitude control .  

3 .  Moving zeros and a l i m i t  l e v e l  cont ro l le r  used f o r  cha t te r  
amplitude control .  

A 
3 
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The block diagrams f o r  t h e  three  examples showing a l l  the  constants 
a r e  given i n  f i g u r e  2 .  
f o r  the three  flight conditions studied a r e  given i n  t a b l e  11. 

The t r a n s f e r  function coef f ic ien ts  of t h e  missi le  

The s tep  responses f o r  example 1 f o r  the  t h r e e  f l i g h t  conditions 
a r e  shown i n  sketch (9) .  
c a t e s  the response without t h e  networks and shows t h a t  t h e  networks have 
t h e  effect  of slowing down t h e  response f o r  s t e p  inputs.  
f o r  a l l  f l i g h t  conditions wherein a l a r g e  amount of l imi t ing  takes place 
during the t r a n s i e n t .  The control  surface pos i t ion  i s  shown f o r  f l i g h t  
condition 1 ( f o r  t h e  l a r g e s t  input) and i l l u s t r a t e s  t h e  c h a t t e r  present 
without the networks and t h e  f i l t e r i n g  of cha t te r  produced by t h e  network. 

The dotted l i n e  shown ( f o r  condition 1) indi- 

This i s  t r u e  

For conditions 2 and 3,  t h e  response i s  seen t o  be qui te  sluggish; 
however, no type of i n s t a b i l i t y  i s  present f o r  inputs as high as 20 g, 
a r e s u l t  which agrees with t h e  theory presented e a r l i e r .  The response 
of t h e  equivalent l i n e a r  system (obtained from t h e  heavy dots of f i g .  1) 
i s  shown f o r  conditions 2 and 3 which i l l u s t r a t e s  t h a t  even f o r  these 
l a r g e  t rans ien ts ,  the  system response agrees reasonably well with t h e  
equivalent l i n e a r  system. 

The s tep responses f o r  example 2 a r e  given i n  sketch ( r ) .  
l e v e l  control ler  has no e f f e c t  on the t r a n s i e n t  performance of t h i s  
example; tha t  i s ,  i t s  only e f fec t  was t o  reduce t h e  c h a t t e r  amplitude f o r  
f l i g h t  condition 3 .  

The l i m i t -  
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To i l l u s t r a t e  t h e  time response of t h e  l imi t - leve l  cont ro l le r ,  
50-percent s tep  changes i n  
These data  are presented i n  sketch (s)  . 
t o  the design value of 1 second time constant.  
example 2,  condition 3.  

Ka were run and t h e  l i m i t  l e v e l  recorded. 
The response corresponds closely 

These data  were run f o r  
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Time, sec 

Sketch ( s )  

The s t e p  responses f o r  example 3 a r e  presented i n  sketch ( t ) .  Only 
f l i g h t  conditions 2 and 3 a r e  presented s ince f o r  condition 1 t h e  response 
i s  ident ica l  t o  t h a t  i n  sketch ( r ) .  
e f f e c t  on t h e  s t e p  response f o r  condition 2 s ince t h e  c h a t t e r  amplitude 
i s  s m a l l ,  but it does have a s igni f icant  e f f e c t  on t h e  s tep  response f o r  
condition 3. A s  a r e s u l t  of t h e  high c h a t t e r  amplitude (without control)  
f o r  t h i s  example ( see  t a b l e  I V ) ,  the  m a x i m u m  r a t e  of control-surface 
deflection, t h a t  i s ,  t h e  l i m i t  l e v e l ,  must be reduced from 30' per second 
t o  approximately 1.43' per  second i n  order t o  reduce t h e  c h a t t e r  amplitude 
t o  t h e  specified l e v e l .  This l a r g e  reduction i n  l i m i t  l e v e l  r e s u l t s  i n  
a response which i s  saturated during most of t h e  t r a n s i e n t  f o r  l a r g e  
inputs .  It i s  i n t e r e s t i n g  t o  note t h a t  as a r e s u l t  of t h i s  excessive 
l i m i t i n g  the response i s  slower f o r  condition 3 than f o r  condition 2 .  

The l imi t - leve l  cont ro l le r  has no 
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Sketch ( t)  

The s tep  response f o r  7.3 g input f o r  t h e  l i n e a r  system obtained 
from f igure  1 i s  shown dotted f o r  comparison. The comparison f o r  condi- 
t i o n  2 i s  qui te  good; however, f o r  condition 3, only f o r  inputs l e s s  than 
about 2 g does the  system behave i n  a l i n e a r  fashion. 
t h i s  example i s  cer ta in ly  f a s t e r  than f o r  example 2 f o r  all but condi- 
t i o n  1; and therefore  using moving zeros i s  a reasonable way of obtaining 
f a s t e r  response when t h e  a i r c r a f t  i s  capable of providing t h i s  increase.  

The response f o r  

Discussion of resu l t s . -  For the missi le  and hardware chosen i n  these 
examples it i s  not possible  t o  have the gain of t h e  system high enough t o  
provide a response which i s  t h e  reciprocal of t h e  feedback zeros. The 
reason f o r  t h i s  i s  simply t h a t  t h e  cha t te r  frequency i s  too low f o r  a l l  
but condition 1. If one had higher performance hardware, which gives 
higher cha t te r  frequencies, not only would t h e  response have corresponded 
c lose ly  t o  t h e  zeros but use of chat ter  amplitude control  would not have 
been necessary. 

For the  la rge  var ia t ion  i n  parameters chosen, t h e  change i n  response 
i s  not tremendous and it i s  probable t h a t  f o r  many appl icat ions t h i s  
magnitude of change would be permissible. 

Of t h e  two types of c h a t t e r  amplitude control ,  the  scheme using net- 
work i s  the  most desirable  from the s implici ty  standpoint. It does have 
t h e  disadvantage, however, of slowing down t h e  response during t r a n s i e n t s  
where a la rge  amount of saturat ion i s  present .  The design of t h e  l i m i t  
l e v e l  cont ro l le r  appears t o  be straightforward. The only item t h a t  
appears t o  be c r i t i c a l  i s  the  order of t h e  network used t o  separate t h e  
c h a t t e r  from t h e  s igna ls  required f o r  t h e  a i r c r a f t  t o  follow input 
commands. The l imi t - leve l  conLroller has t h e  disadvantage of being more 
complicated and t h e  l i m i t  l e v e l  may be driven down ( t o  reduce c h a t t e r )  
t o  points  where t h e  response f o r  large inputs becomes slow as a r e s u l t  



of sa tura t ion .  T'nis f a c t  suggests t h a t  perhaps addi t iona l  inputs  t o  t h e  
l imi t - l eve l  con t ro l l e r  (e.g. ,  magnitude of  t h e  e r r o r )  might be used t o  
make the response f a s t e r  f o r  la rge  inputs  o r  l a rge  e r ro r s .  It was  beyond 
t h e  scope of t h i s  inves t iga t ion  t o  consider t h e  addi t iona l  refinements 
which lead  t o  nonlinear cont ro l le rs .  

Other Considerations 

The pa r t i cu la r  airframe chosen f o r  example purposes had a very high 
natural  frequen.cy f o r  condition 3 which r e su l t ed  i n  a high amplitude 
cha t te r .  It i s  very probable t h a t  a reduction i n  s t a t i c  margin would 
have simplified the  design problems. S h i f t s  i n  s t a t i c  margin, however, 
may cause the  airframe t o  be s t a t i c a l l y  unstable  under c e r t a i n  conditions.  
This imposes t h e  question of whether a high-gain sa tu ra t ing  cont ro l  
system can cont ro l  an unstable airframe and what p i t f a l l s ,  i f  any, e x i s t  
with such a system. 
subject . 

This sect ion i s  devoted t o  consideration of t h i s  

Assume t h e  a i r c r a f t  control led i n  t h e  block diagram of sketch ( j )  i s  
The root locus of such a system as a funct ion of s t a t i c a l l y  unstable .  

equivalent l i m i t e r  gain could be as shown i n  sketch ( u ) .  

Sketch (u) 
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Assume t h a t  t h e  heavy dots on the  l o c i  represent t h e  pole loca t ions  
f o r  t h e  equivalent l i n e a r  system. It i s  qui te  evident t h a t  t h e  equivalent 
gain of the l i m i t e r  must never be allowed t o  f a l l  below t h e  value corre- 
sponding t o  point  A (approximately) on t h e  l o c i ,  otherwise an unstable 
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response w i l l  occur. This means t h a t  the system may be  unstable  f o r  
ce r t a in  inputs .  If these inputs are within the  range of i n t e r e s t ,  then 
some means must be introduced t o  prevent the  i n s t a b i l i t y .  This general ly  
implies t h e  use of nonlinear control lers ,  and i f  f i rs t  reversa l  time da ta  
f o r  t h i s  type p lan t  were avai lable ,  t he  switch t . i m e  method of reference 2 
could be used. 
t h e  root-locus method of considering the  zeros t o  s h i f t  as a function of 
e r r o r  i n  order t o  show what type of nonlinear funct ion would prevent t h e  
i n s t a b i l i t y .  Consider t h e  system of sketch ( v ) .  If K1 i s  un i ty  f o r  

Since these  data  are not avai lable ,  use will be made o r  

Unstable 
aerodynamics 

Sketch (v) 

s m a l l  e r rors ,  t he  root locus will be as shown i n  sketch ( u ) .  Suppose 
K1 i s  ac tua l ly  a l i m i t e r  which has unity gain f o r  s m a l l  inputs and 
sa tura tes  f o r  some input l eve l .  If the output of t h e  box i s  saturated,  
t h e  root l o c i  of loop 1 f o r  t h i s  condition can be considered as shown 
i n  sketch ( w )  . 

Sketch  (w) 

This l o o p  may have the  equivalent l i n e a r  system indicated b y  t he  
heavy dots on the  l o c i .  IT Lhc 1 T n i l - e ~  ( i n  place of K1) i s  sex suf- 
f i c i e n t l y  l o w ,  then the  equivalent l i m i t e r  gain can never oe i i i i ~ e l ?  l o w  
encugh by inputs ( e r r o r  i n  t h i s  case) t o  cause system i n s t a b i l i t y .  Thus, 



t h e  introduction of a simple l i m i t e r  can prevent system i n s t a b i l i t y  due 
t o  inpuls. Gusts, of course, could s t i l l  cause system i n s t a b i l i t y  and 
t h e  only preventative f o r  t h i s  i s  t o  be sure t h e  control-surface r a t e  
l i m i t ,  B y  i s  high enough t o  prevent i n s t a b i l i t y  f o r  any gust inputs t h e  
system i s  l i k e l y  to encounter. 

The nonl inear i ty  introduced i n  place of 
however; the  form ( i . e . ,  sa tura t ion  type) i s  suggested, and analog computer 
simulation could be used t o  f i n d  t h e  shape which i s  b e s t  f o r  t h e  p a r t i c u l a r  
airframe under considerat i o c  . 

K1 i s  not t h e  optimum, 

CONCLUSIONS 
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A theore t ica l  invest igat ion of t h e  use of a high-gain sa tura t ing  
control system f o r  an adaptive autopi lot  has been made. From t h e  r e s u l t s  
of t h i s  invest igat ion,  t h e  following conclusions may be drawn: 

1. A high-frequency cha t te r  must e x i s t  i n  such a system, and i f  it 
can be made t o  have a very s m a l l  amplitude, t h e  autopi lot  can successfully 
control  the  a i r c r a f t  over very la rge  ranges of f l i g h t  conditions.  

2 .  Reduction of t h e  cha t te r  amplitude t o  a t o l e r a b l e  value depends 
on having the  na tura l  frequencies of t h e  hardware components as high as 
possible compared t o  t h a t  of t h e  a i r c r a f t .  
reduce the cha t te r  amplitude below i t s  na tura l  value, but they w i l l  not 
a l l e v i a t e  t h e  harmful e f f e c t s  of cha t te r  on t h e  low-frequency character  
of t h e  response. 

Methods may be devised t o  

3.  The speed of response a t  low dynamic pressures w i l l  be r e s t r i c t e d  
because of l imi t ing  i n  combination with low aerodynamic gain, and attempts 
t o  force f a s t e r  response w i l l  r e s u l t  i n  poor s t a b i l i t y .  

4. I f  t h e  f a s t e s t  response obtainable a t  low dynamic pressure i s  not 
sa t i s fac tory  over t h e  e n t i r e  f l i g h t  envelope, it may be necessary t o  s h i f t  
t h e  zeros with c h a t t e r  amplitude, e r r o r  magnitude, o r  both. I n  addition, 
it may be desired t o  change t h e  l i m i t  l e v e l  with c h a t t e r  amplitude. The 
use of devices t o  accomplish these changes r e s u l t s  i n  t h e  p o s s i b i l i t y  of 
unstable gain adjustment loops, but a combination of high gain and s e l f -  
ac?justment should r e s u l t  i n  a nore v e r s a t i l e  system. 

5 .  There i s  a need f o r  f u r t h e r  study of systems which ad jus t  zero 
posi t ions and l i m i t  l e v e l  i n  combination with t h e  high-gain sa tura t ing  
system. I n  p a r t i c u l a r ,  it would be desirable  t o  determine what nonlinear 

- 

c 
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compensation schemes, such as used in NASA TN D-20, might be added to 
improve the system characteristics. In addition, further studies which 
show what type nonlinear system is required for controlling unstable 
airframes would be very desirable. 

Ames Research Center 
National Aeronautics and Space Administration 

Moffett Field, Calif., Oct. 19, 1959 
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APPENDIX A 

DERIVATION OF LIMITER GAIN I N  THE 

PRESENCE OF DITHER 

Consider an i n f i n i t e  gain limiter o r  r e l ay  whose input i s  a constant,  
X,  plus a d i t h e r  s igna l ,  D sin(wt - c p ) ,  

input = X + D  s in(wt-  cp)  ( f i )  

I n  order t o  determine t h e  in t e rva l s  during which t h e  input i s  pos i t i ve  
o r  negative, consider sketch (x). Since t h e  t i m e  o r ig in  i s  chosen so t h a t  

c 
3 
a 
C - 

X+ D 

X 

Sketch (x) 

t h e  input i s  zero for t = 0, equation (AI-) can be solved t o  give 

0.2) -1 x cp = s i n  - 
D 

and from symmetry 

also 

t , = - + -  fl *cp 
w w  
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t h e  output i s  a rectangular wave as shown i n  sketch ( y ) .  The steady 

component of t h i s  output i s  t h e  average value, Y,  of t h e  rectangular  
wave which from geometrical r e l a t ions  is  

o r  

Y = B ( % ) - - + z ' p  P P  

Subs t i tu t ing  f o r  cp from (A2) gives 

Y = ~ B l + - s i n  * ( &) -'t - - -  : 
Notice t h a t  t h e  average output given by equation (A7) cons is t s  of two 
pa r t s :  
X; t h e  second i s  a constant o r  b i a s  term which i s  a r e s u l t  of t h e  unbalance 
of t h e  l i m i t e r .  This l a t t e r  term shows t h a t  t h e  successful  use of such 
high-gain sa tura t ing  systems depends t o  a l a rge  extent  on having a w e l l -  
balanced high-gain l imi t ing  device i f  zero steady s t a t e  e r r o r s  a re  t o  be 
a t t a ined .  
d i f f e ren t  means. 

t h e  f i rs t  i s  proportional ( f o r  s m a l l  values of X/D) t o  t h e  input ,  

This e f f e c t  of b i a s  w a s  also derived i n  reference 3 by a 

The low-frequency gain, Y/X, i s  given by (assuming P = 0 )  

2B sin-l 5 
IrX D 

gain = - 

The expression can be normalized with respect  t o  l i m i t  l e v e l  by l e t t i n g  
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which r e s u l t s  i n  

D d = -  
B 

The gain as a funct ion of t h e  normalized input ,  y,  i s  shown i n  sketch ( z )  
f o r  d = 0.1 and d = 1.0. 
t h e  output ( l i m i t  l e v e l )  divided by t h e  input X .  A s  i s  i l l u s t r a t e d  i n  

The upper bound (dot ted  curve) is  simply l / y ,  

12 

8 

C 

0 
.- 

4 

A 
3 
0 
9 

0 .4 .8 I .2 1.6 2.0 
Normal ized i n p u t ,  y 

Sketch ( z )  

t h i s  sketch, t h e  gain i s  approximately constant f o r  s m a l l  values of 
The value of t he  constant gain i s  seen a l so  t o  be dependent upon t h e  
normalized d i t h e r  l eve l ,  d .  

y/d. 
.. 

The gain of t h e  l i m i t e r  f o r  a s ine  wave input only ( t h e  d i t h e r )  i s ,  
by describing-function ana lys i s ,  t h e  fundamental component of t h e  output 
divided by t h e  input amplitude. This gain i s  given by 



. 4 B  gain = - - 
K D  

Comparison of equation (A8)  with equation (All) shows t h a t  for s m a l l  
values of  
input .  This der ivat ion shows why one may f i n d  t h e  equivalent l i n e a r  
system by t h e  simple means presented e a r l i e r  i n  t h i s  repor t .  

X/D, t h e  gain for t h e  d i the r  is  twice t h e  gain for t h e  constant 

A 
3 
0 
9 
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v F l igh t  condition 

1 3340 
2 3871 
3 4402 

TABLE I.- FORMULAS FOR ESTIMATING CHATTER FREQUENCY 

Ka CJa 5 ,  T i  

0.11 3.6 o 12 

1-95 15 -15 1.1 

8.8 25 .30 -31 

A 
3 
0 
9 

I System order I Approximate cha t t e r  frequency 1 
4 a, 

5 

6 

1 w 1  w 2  where b = - + - + 45,5, I w2 w 1  

TmLE 11.- MISSILE TRANSFEZ? FUNCTION COEF'FICIEXJTS 



46 

Flight  
condition 

1 

2 

3 
2 

3 

TABLE 111.- CHATTER FREQUENCIES COMPUTED BY TIEBE METHODS 

Chatter frequency computed by - 

Formula Root locus Simulation 
Example 

Fixed zeros 56.6 52 -23 46.3 
Fixed zeros 

Fixed zeros 

Moving zeros 

Moving zeros 

57.49 56 .o 
69.13 67.3 
50.97 48 -5 I 44.78 44.5 

- 
Case 

- 
1 

2 

3 
4 
5 - 

TABU 1V.-  CHATTEE A.M€'LITUDES COMPUTED BY THREE METHODS 

Chatter amplitude, g, (peak t o  peak) based on we computed by - 

Formula I Root locus 

0.000248 
.1144 
1.578 

1.578 
.1144 

0.000466 
.io78 
.710 
.170 
4.08 

Simulation 

Not measurable 

0.12 

.76 

.1go 
4.2 

c 

A 
3 
0 
9 
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Figure 1.- Root locus graphs f o r  t h e  f i v e  cases simulated. 
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Figure 2.- Block diagrams of the three example systems. 
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